We show an optical wave-mixing scheme that generates quantum light by means of a single three-level atom. The atom couples to an optical cavity and two laser fields that together drive a cycling current within the atom. Weak driving in combination with strong atom-cavity coupling induces transitions between the dark states of the system, accompanied by single-photon emission and suppression of atomic excitation by quantum interference. For strong driving, the system can generate coherent or Schrödinger cat-like fields with frequencies distinct from those of the applied lasers.
We show an optical wave-mixing scheme that generates quantum light by means of a single three-level atom. The atom couples to an optical cavity and two laser fields that together drive a cycling current within the atom. Weak driving in combination with strong atom-cavity coupling induces transitions between the dark states of the system, accompanied by single-photon emission and suppression of atomic excitation by quantum interference. For strong driving, the system can generate coherent or Schrödinger cat-like fields with frequencies distinct from those of the applied lasers.
Many scientific and technological advances during the last decades, across diverse areas of human knowledge, can be associated to the manipulation of light-matter interaction and the generation of light fields in particular. One such achievement is the laser [1] . Here a photon stimulates an atom to decay into the ground state at the expense of the emission of another photon. To amplify this process, the emitting medium (atoms) is placed inside an optical resonator where the repeated reflection of the light allows for a sufficiently strong coupling between the atoms and the field [2] . By decreasing the volume of the optical resonator it is possible to reach a regime where a single atom and a single photon interact strongly, forming an atom-photon molecule. This establishes the research field known as cavity quantum electrodynamics (cavity QED) [3] [4] [5] [6] [7] [8] [9] where the atom-light interaction is controlled at its most fundamental level. Integrating the phenomenon of electromagnetically induced transparency (EIT) [10] [11] [12] adds additional capabilities such as allowing an opaque cavity QED system to become transparent [13] [14] [15] [16] . The origin of this effect lies in the destructive interference of different absorption paths, preventing light from being absorbed by the system. We exploit this situation with a three-level atom in a Λ-type level configuration (one excited and two ground states) where one branch is strongly coupled to a mode of an optical resonator and the other to an external laser. In the EIT regime, the system remains in a state known as a dark state, since the atom does not absorb light from the fields.
Here we show that this scheme can be used to continuously generate light that is genuinely quantum in nature. To this end, we introduce a second laser field which couples the two ground states. As expected for several waves interacting with a nonlinear medium, this gives rise to a new radiation field via an optical wave mixing process [17] [18] [19] [20] [21] . Not expected, however, is that if the laser field coupling the atomic ground states is weak enough, the fragile dark states of the cavity EIT system are not destroyed, even when all fields are on resonance with the respective atomic transitions. We then find that the two lasers in combination with the cavity drive transitions between dark states that differ by one photon in the cavity. Thus, the atomic excitation is suppressed due to the destructive interference of the EIT phenomenon, while simultaneously photons are injected into the cavity mode, and this one by one. When increasing the intensity of the coupling field, the system is perturbed and moves to a regime where the transitions to the excited state become strongly detuned. The detuning restricts the system dynamics to the ground states of the atom. In this regime, a new coherent field is generated in the cavity, as supported by the photon statistics of the field. Remarkably, in all coupling cases the new field is generated by just a single atom in its ground state.
Our system consists of an effective three-level atom driven by two classical fields and coupled to a quantum cavity mode, as schematically shown in Fig. 1(a) .
In this model, the ground states |1 and |2 are coupled to the excited state |3 via either the cavity mode, with coupling strength g and frequency ω, or the classical (control) field, with Rabi frequency and frequency 2Ω 23 and ω C23 , respectively. We also consider another classical field coupling the |1 and |2 ground states, with Rabi frequency 2Ω 12 and frequency ω C12 (here named as ground-state coupling field). The Rabi frequencies, field frequencies, and atom-cavity coupling factors are all taken to be real and non-negative. The Hamiltonian of this system, in the interaction picture, is given by ( = 1) transition from the |l to |k states, and h.c. stands for hermitian conjugate. The detunings are given by ∆ 12 = ω 21 −ω C12 , ∆ 23 = ω C23 − ω 32 , and ∆ = ω 31 − ω, with ω kl the respective atomic transition frequency. The dynamics of our system are governed by the master equationρ
κ is the cavity-field decay rate, and Γ 31 and Γ 32 the polarization decay rates of the excited level |3 to the levels |1 and |2 , respectively. The master equation was solved numerically using QuTip [22] . In Fig. 2 we plot the steady-state properties of our system (average number of photons a † a and the population of the atomic states σ kk , with k = 1, 2, 3) as a function of the detunings. As we can see, for off-resonant fields, a twophoton transition with the condition ω C12 + ω C23 = ω 31 can be observed that populates the excited level |3 and produces photons in the cavity mode. However, for resonant fields (∆ 12 = ∆ 23 = 0) our system presents a high number of photons in the cavity mode while maintaining very low atomic population in the excited state |3 . Thus, despite resonant driving, the atomic excitation is suppressed and photons are injected into the cavity.
To obtain a more comprehensive view of the dynamics at play, it is convenient to write the above mentioned Hamiltonian for vanishing detunings in the new atomic basis
As we see in Fig. 1 (b) our system can be understood as two independent Λ-schemes, i.e, two cavity EIT configurations [13] for which an interference process is expected. This is in fact the case when we are in the limit of very weak groundstate coupling (Ω 12 κ < (g, Ω 23 )): both the cavity and control field remain almost resonant with the atomic transitions |+ ↔ |3 and |− ↔ |3 and interference of the absorption paths avoids the excitation of the atom, keeping it always in the subspace of dark states. This is what we see in Fig. 2 : when all fields are on resonance the population of the excited state |3 is close to zero. However, without populating the excited state, the ground-state coupling field induces transitions between dark states with different number of photons, leading to a continuous generation of photons in the cavity mode. In the strong ground-state coupling limit (Ω 12 > (g, Ω 23 ) κ) the system becomes non-resonant in a way that it can well be described by two separate processes involving only a classically driven two-level atom coupled to a cavity mode.
Weak ground-state coupling regime. For (g, Ω 23 ) > κ Ω 12 , we can treat the coupling field as a perturbation. To this end, it is convenient to write the Hamiltonian V in terms of the eigenstates of the unperturbed Hamiltonian
The eigenstates Ψ ). Thus, rewriting V in terms of the above eigenstates followed by a unitary transformation, U 0 = exp (−iH 0 t), results in a transformed Hamiltonian which contains non-oscillating and rapidly oscillating terms. Then, applying a rotating-wave approximation, the effective Hamiltonian becomes
, and
Thus, it is clear that the system remains always in the dark state subspace, while at the same time promoting transitions between the dark states with different numbers of excitations. Consequently, a transition is driven between states with different numbers of photons without driving a transition to the bright states. As the dark states have no projection on the atomic excited state |3 , its population remains null. This is particularly important since this implies that the atomic decay does not influence the dynamics of the system, eliminating problems such as the decay to other atomic states besides the relevant ones. In the regime g Ω 23 we can keep the terms proportional to x n and neglect x 2 n and x 4 n . In this limit P n 1 Ω 23 /g √ n and R n 1 and thus the effective Hamiltonian takes the simplified form
(6) which mainly promotes transitions between the first two dark states, i.e., between the states which contain zero and one photon only.
We plot in Fig. 3 (a) the average number of photons a † a , (b), the population of the excited state σ 33 , (c), the correlation function g (2) (0) = a † a † aa / a † a 2 , and finally, (d), the ratio a † a / σ 33 , each as a function of Ω 12 /κ and for two different values of the atom-field coupling g. In Fig. 3(c) we see that the correlation function goes to zero in the limit of very weak coupling field (Ω 12 → 0), where we have a single photon source. It is also important to mention that, as shown in Fig. 3 , the generation of quantum light is possible only in the strong atom-cavity coupling regime: for weak values of g the atom can be strongly excited, thus resulting in ratio a † a / σ 33 smaller than 1. However, in the strong coupling regime, the ratio becomes high (∼ 200 − 400 for the parameters used), making clear the necessity of working in the strong coupling regime to observe the effects predicted in our model.
As stated before, Eq. (5) says that our system remains in the subspace of the dark states. To undertand which of these states contribute most to the dynamics of the system we also need to calculate their decay rates, which can be derived via Fermi's golden rule:
Notice that the higher dark states decay only into lower ones since the cavity dissipation cannot induce transitions from dark states to bright states. In the limit g Ω 23 , the decay rates of the dark states |Ψ κ (Ω 23 /g) 2 and Γ 2 κ, respectively. Thus, in this limit, the nonlinear suppression of higher-photon number states, together with the fact that dark states with more photons decay much faster than the single-photon dark state, implies that these higher-lying states remain largely unpopulated, as we see in Fig. 4(a) . There we plot the steady state populations P n of the dark states Ψ 0 n as a function of the coupling strength Ω 12 /κ. This results in the system being well-approximated as a two level system with states |Ψ 0 0 and |Ψ 0 1 . This can also be interpreted in another manner: as the effective driving strength of the higher dark states (n > 1) is much smaller than the cavity decay rate, κ, the atom-cavity system is constantly projected into the subspace spanned by |Ψ 0 0 and |Ψ 0 1 , so that it experiences a quantum Zeno effect [23] .
We also see in Fig. 4(a) , some degree of entanglement is expected in our system. This is indeed the case, as we see in the inset of Fig. 4(a) , where we plot the concurrence (C) [24] , a measure of the degree of entanglement between bipartite 2 × 2 systems. As we see there, our system presents a good degree of entanglement (C 0.2), thus making clear that our system truly forms an atom-photon molecule.
For g ∼ Ω 23 , the effective Hamiltonian (5) predicts nonnegligible transitions to higher dark states, and all decay rates Γ n are of the same order (Γ n=1,2,3... ∼ κ) in this regime. Thus, as we see in Fig. 4 (b) , appreciable population accumulates in the higher dark states. Strong ground-state coupling regime. From Fig. 1(b) we see that, in the regime Ω 12 (g, Ω 23 ) > κ, there is a strong splitting of the ground states |+ and |− , leading to an offresonant interaction of the atom with the laser and cavity field. Thus, we basically observe two distinct dynamics happening simultaneously, each one describing an out-of-resonance driven two-level atom coupled to a cavity mode. Although the cavity mode and the field coupling the transition |2 to |3 oscillate at very distinct frequencies and couple different atomic transitions, in the new basis both fields couple the same transitions (from |+ or |− to |3 ). In this case we can also derive an effective Hamiltonian, but to this end we must first apply 
For Ω 12 (g, Ω 23 ) > κ, all the terms in this Hamiltonian oscillate quickly, which allow us to derive the effective Hamiltonian following [25] , resulting in
This means that we have an effective non-resonant coherent drive on the cavity mode either if the atom is in the state |+ or in the state |− , with the same probability. Without cavity decay, by preparing the system in the state |1, 0 = the atomic system in the basis {|1 , |2 } one would project the cavity mode into the "Schrödinger-cat" states (e iφ |α + ± e −iφ |α − ) with + (−) referring to detection of the atom in the state |1 (|2 ).
We can also have an effective resonant coherent driving of the cavity mode. To this end one needs to consider a finite but small detuning between the atom and the cavity, i.e., ∆ = 0 and |∆| Ω 12 . In this situation we would need to replace a by a (t) = ae −i∆t in Eq. (7). Then, adjusting ∆ = g 2 /2Ω 12 (−g 2 /2Ω 12 ) and preparing the atom in the |+ (|− ) state, the effective Hamiltonian is reduced to a perfect resonant coherent driving of the cavity mode. Again, by driving a single atom, we generate a coherent field inside the cavity which oscillates at a frequency distinct from the oscillating frequencies of the driving laser fields. This is very different from some previous schemes involving driven two-level atomic systems [26, 27] which require the driving laser and the cavity mode on (or close to) resonance with the atomic system. Thus a coherent field is generated with the same (or close) frequency as the incident laser.
Including the decay rate of the cavity mode, both nonresonant coherent drivings present in the H eff will generate coherent steady states in the cavity mode, although with different amplitudes. Due to the cavity decay, the steady state of the system will be a complete mixture of the states |+ and |− . As we do not measure the atomic state, we trace over the atomic variables and then the final steady state of the cavity mode will be given by ρ ss = . Thus, the steady state will be a perfect coherent state. This is what we see in Fig. 3: for Ω 12 > g the correlation function g (2) (0) reaches 1 (coherent state). It is important to emphasize that we are generating a coherent field in the cavity mode, with a specific frequency, by driving the atomic system with laser fields with distinct frequencies.
To conclude, we have investigated how a cavity EIT setup modified by an additional laser field that couples the atomic ground states allows us to implement a wave-mixing protocol which leads to a continuous generation of different kinds of quantum light. This coupling can be achieved by employing a virtual excited state and driving a Raman transition. We have shown that, in the weak coupling limit, the dark states of the cavity EIT system are not destroyed, but transitions between dark states with different number of photons are driven, allowing single photons to be coherently and continuously generated in the cavity mode. Although all interactions are on resonance, the strong atom-cavity coupling suppresses atomic excitation. This is due to interference between different absorption paths and results in a high ratio between the average number of photons inside the cavity and the population of the atomic excited state. When the driving field coupling the ground states is strong enough, the system generates a coherent field as indicated by the correlation function of the cavity field. Finally, our protocol is general and could be implemented in different cavity systems to generate quantum light without exciting the emitter, thus being insensitive to the excited state decay and therefore depumping into uncoupled states. This could be particularly useful for quantum dot (QD) experiments which can feature strong emitter-cavity couplings but suffer from a fast decay of the excited state [8] .
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